More general constructions are given of six-dimensional theories that look at low energy like six-dimensional super Yang-Mills theory. The constructions start with either parallel fivebranes in Type IIB, or M -theory on (C 2 × S 1 )/Γ for Γ a suitable finite group. Via these constructions, one can obtain six-dimensional theories with any simple gauge group, and SU (r) theories with any rational theta angle. A matrix construction of these theories is also possible.
Introduction
One of the fascinating results obtained in investigations of string duality and matrix theory is that there exist in six dimensions theories that do not have dynamical gravity, but have many properties of string theory, such as T -duality upon toroidal compactification.
Such theories can be obtained by taking the weak coupling limit of a system of parallel Type II or heterotic string fivebranes [1] .
In some cases, these theories have a quite interesting and exotic infrared behavior, reducing for example at long distances to the exotic six-dimensional theory that can be constructed from Type IIB at an ALE singularity [2] or via parallel M -theory fivebranes [3] . Other examples look at long distances like infrared-free super-Yang-Mills theories. The focus of the present paper will be on such "gauge" theories. We will furthermore consider only examples that have the maximal possible supersymmetry for six-dimensional gauge theories, namely (1, 1) supersymmetry. (There are also many examples of such theories with (0, 1) supersymmetry, as explored recently in [4] .) Sections 2-5 are devoted to a class of examples that can be constructed from a Type IIB system with parallel NS and D fivebranes, or alternatively via an M -theory construction that we present. These theories have unitary gauge groups at low energies, but differ from previously studied systems with such gauge groups; in fact, we compute a specific difference (involving a spacetime theta angle) in section 5. Section 6 is devoted to examples with orthogonal and symplectic gauge groups, which can be constructed from Type IIB or from M -theory, and examples with exceptional gauge groups, including G 2 and F 4 , for which we have only an M -theory construction. A recent analysis [5] of S-duality in N = 4
super Yang-Mills with non-simply-laced gauge groups is closely related to and could be formulated in terms of the six-dimensional theories studied in section 6. And finally, in section 7 we reexamine the SU (r) theories of sections 2-5 from the standpoint of matrix theory, interpreting them via the Coulomb branch of a certain two-dimensional (4, 4) super Yang-Mills theory. Issues related to this disccussion have also been discussed recently in [6] .
(p, q) Fivebrane System
On the world-volume of a collection of q identical parallel fivebranes in Type IIB superstring theory, one sees at low energies a six-dimensional super Yang-Mills theory with gauge group U (q). This is so for either Dirichlet or NS fivebranes. In the case of NS fivebranes, the gauge coupling in this U (q) gauge theory is independent of the string coupling constant λ. As a result of this [1] , in the limit that λ goes to zero, although the Type IIB string theory becomes free in bulk, the theory on the fivebranes does not become free. To be more precise, it seems very likely (and is implied by a proposed T -duality [7] that will be reviewed and generalized in section 4) that the center of U (q) decouples as λ → 0, and that in this limit there is a surviving six-dimensional supersymmetric gauge theory with SU (q) gauge group. This theory has six-dimensional (1, 1) supersymmetry and is a non-chiral theory with 16 supercharges, in common with all other six-dimensional theories that will be discussed in the present paper.
It is natural to combine λ with the Type IIB theta angle θ B to a parameter τ = θ B /2π + i/λ with values in the upper half plane. The Type IIB superstring theory is believed to have an SL(2, Z) symmetry that acts by
with a, b, c, d ∈ Z and ad − bc = 1. The limit λ → 0 corresponds to τ → i∞. One might ask whether the limiting theory, obtained by taking τ → i∞, depends on θ B . We will give some arguments that it does not.
In this paper, we will study the more general case of a collection of q NS fivebranes and p Dirichlet fivebranes. If one only wishes to determine the low energy gauge group, which is expected to be independent of τ , one can apply an SL(2, Z) transformation, ignore the action of this transformation on τ , and map the (p, q) fivebrane system (the two integers will always be respectively the Dirichlet and NS fivebrane charges) to an (r, 0) system, where r is the greatest common divisor of p and q. The low energy gauge group is hence U (r).
If, however, we wish to extract a decoupled six-dimensional theory by taking τ → i∞, then we should restrict ourselves to SL(2, Z) transformations which commute with this limit. This means that we should limit ourselves to upper triangular matrices
which act by τ → τ + n. Since the action of SL(2, Z) on the fivebrane charges is
such transformations map (p, q) → (p + nq, q). Hence p can be uniquely mapped to the region 0 ≤ p ≤ q − 1, and for each q, p has precisely q possible values.
The theory obtained by taking τ → i∞ for given (p, q) has low energy gauge group U (r) (r being again the greatest common divisor of p and q). For r > 1, this group is non-abelian. Moreover, the gauge coupling constant of this theory is independent of τ for τ → i∞ by the same sort of arguments as for p = 0. Hence, just as in [1] , the theory obtained in this way cannot be free if r > 1. Arguments given below actually imply that it is not free whenever q > 1. This is the strongest possible statement of its sort since for q = 1, the generalization to include Dirichlet fivebranes is vacuous, as the transformation (p, q) → (p + nq, q) can be used to set p to zero.
It is very plausible (and follows from the duality we will propose) that the U (1) factor in U (r) actually decouples, and that the low energy theory is an SU (r) theory. If so, there is no low energy gauge group at all in the six-dimensional theory when r = 1. The Mtheory interpretation to which we turn next nevertheless implies, for q > 1, that non-trivial six-dimensional physics survives as λ → 0 even when r = 1.
M -Theory Dual
The goal in this section is to propose, and to begin to explore, an M -theory dual of the (p, q) theory. For p = 0, such a dual has been proposed some time ago [7] and studied from various points of view [8] [9] [10] . One considers Type IIA superstring theory at an A q−1 singularity. Type IIA perturbation theory breaks down in the field of such a singularity, if all world-sheet theta angles vanish. A non-perturbative SU (q) gauge group appears, with a gauge coupling constant that does not vanish in the limit that the Type IIA coupling constant λ A vanishes. Upon taking this limit, one gets a surviving sixdimensional theory with SU (q) gauge symmetry and (1, 1) supersymmetry. This theory is believed to be equivalent to the one obtained in the weak coupling limit from q parallel Type IIB fivebranes. We will review in section 4 a version of the T -duality argument for this equivalence.
We recall that the A q−1 singularity can be described as the singularity at the origin in the quotient space C 2 /Z q . 2 Here C 2 has complex coordinates z 1 , z 2 , and Z q acts by
2 To fully exhibit the symmetries, C 2 should here really be regarded as a flat hyper-Kahler manifold R 4 , without a chosen complex structure.
To generalize this dual description of the (0, q) theory to the (p, q) case, we will have to go to M -theory. Type IIA on R 6 ×C 2 /Z q is the same as M -theory on R 6 ×C 2 /Z q ×S 1 .
The weak coupling limit of Type IIA is the limit that the radius R of the S 1 is small; we let t, 0 ≤ t ≤ 2πR, be an angular variable on S 1 .
Before going on, let us note a subtlety that will have interesting analogs later. Super
Yang-Mills theory in six dimensions with SU (q) gauge group has a moduli space of vacua parametrized by the expectation values of four scalars φ i , i = 1, . . . , 4 in the adjoint representation of SU (q). For the vacuum energy to vanish, they must mutually commute and so can be simultaneously diagonalized. The k th eigenvalue φ
The moduli space M of vacua is obtained by dividing by the Weyl group, which is the group S q of permutations of the eigenvalues, so one has
Now, M -theory on C 2 /Z q × S 1 has a moduli space which is instead
It differs from M because one of the four scalars in the six-dimensional effective super
Yang-Mills theory originates from the Wilson line around the
This Wilson line is group-valued, not Lie algebra valued, so its eigenvalues live in S 1 , not in R; taking account of the Wilson line together with three seven-dimensional scalars in the adjoint representation gives (3.3).
The circle in (3.3), because it originates as a holonomy, is the dual of the original circle in C 2 /Z q × S 1 . So as we take the radius of the original circle to zero, the radius of the circle that enters in the definition of M goes to infinity. Hence, in the decoupled six-dimensional theory, this circle is decompactified. To obtain a six-dimensional theory, one takes the coupling to zero in a vacuum given by some point P ∈ M, and in the limit of zero coupling, one only sees a small neighborhood of P (that is, a neighborhood vanishingly small compared to the radius of the S 1 ).
The limiting theory that one gets depends on the choice of P . If P is a generic, smooth point in M, the limiting theory is a free abelian theory; if P is the singularity at which all q points in R 3 × U (1) coincide, the limiting theory is an SU (q) theory; if P is a singular point at which q ′ points coincide (1 < q ′ < q) one gets a theory of the same structure with SU (q ′ ) gauge group. The appearance here of the SU (q ′ ) theory does not have much novelty because it can be obtained in any case by first constructing the six-dimensional SU (q) theory and then Higgsing it. In that sense then, in the present example everything interesting comes by considering the case that P is the maximally singular point. If, however, M had more than one maximally singular point, then essentially different sixdimensional theories (no one of which could be obtained by Higgsing another) could arise from small radius limits of M -theory on C 2 /Z q × S 1 for different P . We will find such situations later in this paper.
Generalization
We propose now to generalize Type IIA at an A q−1 singularity to M -theory on R 6 × (C 2 × S 1 )/Z q , where Z q acts by
with integer p. We write X p,q for (C 2 ×S 1 )/Z q with this action of Z q . Notice that p is only well-defined modulo q, and that in particular if q = 1, X p,q is just the original C 2 × S 1 .
So just as in the previous section, the interesting cases are q ≥ 2, 0 ≤ p < q.
We want to consider M -theory on R 6 × X p,q . In the limit R → 0, this becomes if one is not very near z 1 = z 2 = 0 equivalent to weakly coupled Type IIA on C 2 /Z q . In fact, an observer at a point P ∈ C 2 that is not close to z 1 = z 2 = 0 does not detect by local measurements that P has been identified with q − 1 image points, and so in particular does not detect the details of how this identification was made. So in bulk, M -theory on R 6 × X p,q becomes a free Type IIA theory for r → 0.
As long as p is not congruent to 0 mod q, the theory near z 1 = z 2 = 0 cannot be a free Type IIA theory, for the following reason. As in section 2, let r be the greatest common divisor of p and q, and let s = q/r. Thus, s > 1 if p is not congruent to 0 mod q. As was noted in [11] in a context closely related to the present discussion, the present theory has the following unusual property from a Type IIA point of view. In addition to conventional Type IIA superstrings which can be found at any values of z 1 , z 2 and come from M -theory membranes that wrap once around S 1 , the theory has additional strings whose tension is 1/s times the standard Type IIA tension and which propagate only on R 6 , that is only at s of these strings can combine to an object that can move without energetic cost to large z 1 , z 2 and turn into an ordinary Type IIA superstring near infinity.
The theory of weakly coupled Type IIA strings cannot be enriched by adding strings of fractional charge while preserving the existence of a systematic string perturbation expansion. So the presence of these fractional strings shows that the theory with p not congruent to 0 mod q cannot reduce to a free theory in the limit of small R. It is a free Type IIA theory in bulk, but there are surviving interactions at z 1 = z 2 = 0. (Of course, this is also true for p = 0, q > 1 because of the SU (q) gauge symmetry. This is the more familiar case that we discussed first.) In this way, we get a family of six-dimensional theories, with (1, 1) supersymmetry, parametrized by the choice of integers (p, q) with q ≥ 2 and
What is the low energy gauge group of this theory? It is expected to be independent of R (unless there is a very unfamiliar kind of phase transition) and is conveniently determined by going to large R and using the long-wavelength approximation to M -theory.
Non-abelian gauge symmetry in M -theory comes from singularities. In the present case, singularities of X p,q come only from fixed points of the Z q action on C In general, for a family of A − D − E singularities, there is monodromy, breaking the gauge symmetry to a subgroup. This has been found to play an important role in F -theory [12, 13] , and we will meet examples of such monodromy later. In the present case, however, the monodromy vanishes and the gauge group in six dimensions is actually SU (r). This assertion can be justified as follows. there is an evident U (1) group of symmetries, which we will call F :
Since this group is connected, and SU (r) has no non-trivial outer automorphisms that can be continuously connected to the identity, F simply commutes with the SU (r) gauge symmetry. 4 Now, the particular family of A r−1 = C 2 /Z r singularities of interest here can be described by saying that as one goes around the S 1 , C 2 /Z r is transformed by a Z q transformation. The monodromy of interest is determined by the action of Z q on the SU (r) gauge symmetry. (Only the quotient Z s = Z q /Z r acts faithfully on C 2 /Z r .) In view of the form of (3.4), Z q acts on C 2 as a subgroup of F , and hence commutes with SU (r) and, as we claimed, does not generate a non-trivial outer automorphism of SU (r).
3 Monodromy consisting of an inner automorphism, that is an element of SU (r), means that there is a Wilson line on S 1 breaking SU (r) to a subgroup. One can always turn on such a
Wilson line before shrinking the radius of S 1 , but this does not give anything essentially new in the following sense. As in the discussion of (3.3), this gives the same six-dimensional theory that one would obtain by first taking the small radius limit with unbroken SU (r) and then Higgsing the six-dimensional theory. 4 This argument should really be made in two steps. (1) As there are no connected outer automorphisms of SU (r), the automorphism of SU (r) brought about by F is inner. Its generator is hence the sum of a quantity that commutes with SU (r) and an SU (r) generator. (2) Hence, by defining correctly the F action on degrees of freedom localized near the origin (to remove the possible SU (r) generator from the generator of F ), F can be defined so as to commute with
Therefore, we have obtained a family of exotic six-dimensional theories, with the same (1, 1) supersymmetry, the same low energy gauge group, and parametrized by the same pairs (p, q), as for the (p, q) fivebrane system of Type IIB. This strongly suggests that the two classes of six-dimensional theories are the same. In the next section, we give via T -duality further evidence for this interpretation.
T -Duality And (p, q) Fivebrane System
First we recall the analysis via T -duality of the relation between Type IIA at an A q−1 singularity and the (0, q) fivebrane system. A useful reference for this discussion is [10] .
Applying T -duality directly to C 2 /Z q is inconvenient. It requires picking one of the U (1) symmetries of C 2 /Z q and applying T -duality on the orbits. The radius of the orbits grows at infinity, so the T -dual has orbits whose size vanishes at infinity; its behavior at infinity is difficult to interpret.
However, the six-dimensional theory obtained from weakly coupled Type IIA at an A q−1 singularity is independent of the global structure of C 2 /Z q and depends only on the behavior near the singularity. It is hence much more convenient to imbed the singularity in a four-manifold which has a convenient S 1 symmetry with a circle of fixed radius at infinity. Such a solution is the multi Kaluza-Klein monopole solution:
Here x is a three-vector, x a are the monopole positions for a = 1, . . . , q, A = A i dx i is the vector potential due to q Dirac monopoles at the given points, and y is a periodic variable of period 2πS. In the special case that the x a all coincide, the solution (4.1) has an A q−1 singularity at x = x a , where also U = 0. Near infinity it looks like an S 1 bundle over R
3
(with y and x being coordinates of S 1 and R 3 , respectively), with first Chern class q.
This solution has the interpretation of a system of q Kaluza-Klein monopoles on
The presence of the monopoles causes a topological twisting at infinity. The S 1 can be seen in the solution (4.1) as the orbits of the U (1) symmetry that acts by y → y + constant. We will call this symmetry F (near the origin it looks just like the symmetry called F in the previous section).
Now make a T -duality transformation, on the F orbits, to convert to a Type IIB description. The T -duality converts Kaluza-Klein monopoles to NS fivebranes, as one can see by looking at how T -duality acts on the fields that the monopoles and fivebranes create at infinity [14] . 5 So the Type IIB dual of the multi-Kaluza-Klein monopole solution is a configuration of q NS fivebranes on R 3 × S 1 . The explicit solution of the low energy field equations describing q NS fivebranes on R 3 × S 1 is known in closed form, but will not be needed here.
From q NS fivebranes on R 3 × S 1 , one gets a SU (q) gauge symmetry when and only when the fivebranes coincide in space. Type IIA on a multi-Kaluza-Klein monopole spacetime has extended gauge symmetry when and only when the x a coincide, at which point there is an A q−1 singularity. So the enhanced gauge symmetry from an A q−1 singularity must be mapped to the enhanced gauge symmetry from coincident Type IIB fivebranes.
6
Upon taking the limit as the string coupling constant goes to zero, it follows that the decoupled six-dimensional theory obtained from an A q−1 singularity in Type IIA is the same as the decoupled six-dimensional theory obtained from coincident NS fivebranes in Type IIB.
We can now carry out a discussion analogous to that of (3.3). The configuration space of q NS fivebranes on
After factoring out the decoupled center of mass position, the moduli space for the relative or internal motion is (
However, in the limit that the Type IIB string coupling is taken to zero, the radius of the S 1 diverges in the relevant units. 7 The six-dimensional theory obtained by taking the 5 This analysis proceeds as follows. In compactification on a circle, one generates in Type II superstring theory two U (1) gauge fields; one comes from the metric tensor and one from the two-form field B. T -duality exchanges these two gauge fields (which couple to string momentum and winding, respectively). Hence it exchanges the Kaluza-Klein magnetic charge -which is the magnetic charge of the U (1) that comes from the metric -with a flux of H = dB. This flux can, of course, be seen in the explicit asymptotic formula for the T -dual of the Kaluza-Klein monopole. But the H flux is the NS fivebrane number. Hence, the T -dual of a Type IIA state with Kaluza-Klein monopole charge q is a Type IIB state with NS fivebrane charge q. 6 On each side there is an additional U (1) that is decoupled from the SU (q). In the Type IIB description it comes from the center of mass motion of the q fivebranes, and in Type IIA it comes from a zero mode of the B field that is not supported near the singularity . 7 The reason for this is that as the NS fivebrane has a tension of order 1/λ 2 , in order to have energies of order 1 its transverse fluctuations have a length scale, in string units, of order λ. After rescaling units so that the transverse fluctuations are of order one, the S 1 factor in the moduli coupling to zero while sitting at some point P ∈ (R 3 × S 1 ) q−1 /Z q only "sees" a small neighborhood of P . The most interesting theory, with low energy gauge group SU (q), is obtained by taking P to be the most singular point at which all fivebranes coincide in space. All possibilities can be obtained by Higgsing this theory.
(p, q) Generalization
Our goal is to consider the (p, q) case in a similar way.
Let W be the charge one Kaluza-Klein monopole solution:
3)
y is a periodic variable of period 2πS; W is a smooth manifold. Consider the Z q action on this space generated by y → y + 2πS/q. The quotient W q = W/Z q is a singular hyperKahler manifold with an A q−1 orbifold singularity at the origin; it is actually equivalent to the special case of the multi-Kaluza-Klein monopole solution (4.1) in which the monopoles are all coincident at the origin (but with S replaced by S/q).
We want to consider the same construction as in section 3, but with C 2 replaced by W and C 2 /Z q replaced by W q . The change is inessential as far as the limiting six-dimensional theories are concerned (since W and W/Z q look near the origin like C 2 and C 2 /Z q ) but makes it possible to use T -duality. So we let S 1 be a circle with periodic coordinate t of period 2πR, and we consider M -theory on a quotient Y p,q = (W × S 1 )/Z q , with Z q acting on W as in the last paragraph and on S 1 by t → t − 2πR(p/q).
We can now make an argument just like that in section 3. In the limit of R → 0, M -theory on R 6 × Y p,q looks like free Type IIA superstring theory, everywhere except near fixed points of the Z q action on W (that is, near x = 0 in (4.3)). Near those fixed points, Y p,q looks like the space X p,q = (C 2 × S 1 )/Z q studied in section 3. The surviving six-dimensional theory in the limit R = 0 should be the same whether one considers X p,q or Y p,q . But (as in the p = 0 case that was reviewed above) using Y p,q makes it easier to make a relation to Type IIB.
space (which in string units has a size of order 1) is of order 1/λ. For related issues concerning fivebranes with transverse circles, see [15] .
The relation to Type IIB is made by using the fact that M -theory on T 2 is equivalent to Type IIB on S 1 . Let N be the quotient of W by the U (1) symmetry y → y + constant, which we have called F . Thus, N is a copy of R 3 , parametrized by x, but actually has a singularity at x = 0. Near infinity, W is fibered over N with S 1 fibers of circumference 2πS. Hence W × S 1 is fibered over N with fibers T 2 = S 1 × S 1 ; metrically the T 2 is a rectangular torus that is a product of circles with circumferences 2πS and 2πR. One can think of T 2 as the quotient of the y − t plane by the lattice Γ generated by e = (2πS, 0) and f = (0, 2πR). The τ parameter of this T 2 is hence 5) and as R → 0, M -theory on W × S 1 is equivalent near infinity to weakly coupled Type IIB on N × S 1 . (The S 1 in this Type IIB description is a dual circle with a radius of order 1/RS.) Near the origin in N , there is a singularity of some kind in the Type IIB theory.
From our above discussion of T -duality in Type IIA on W (which is the same as M -theory on W × S 1 ), this singularity is an NS fivebrane.
Now we want to repeat this for
This still looks at infinity like a two-torus bundle over N . The fibers are now copies of T = T 2 /Z q , where Z q acts by y → y + 2πS/q, t → t − 2πR(p/q). T is the torus obtained by dividing the y − t plane by the lattice Γ generated by f = (0, 2πR) and e = (2πS/q, −2πRp/q). The τ parameter of this lattice is 6) and this is the τ -parameter of the equivalent Type IIB theory. In particular, for R → 0 we get as before a weakly coupled Type IIB theory, but now with a theta angle θ B = −2πp/q.
The significance, if any, of this theta angle will be the subject of the next section.
One has, evidently,
This implies the following. Consider Type IIB theory with a τ parameter associated with a lattice R 2 /Γ. The possible five-brane (or one-brane) charges correspond to lattice points in Γ. Five-brane (or one-brane) tensions are proportional to the lengths of the corresponding lattice vectors. For M -theory on W × S 1 with large S/R interpreted as a weakly coupled
Type IIB theory, the lattice vectors e and f correspond respectively to an NS fivebrane and a Dirichlet fivebrane. This spacetime has a charge corresponding to a single NS fivebrane (as we recalled above via T -duality from Type IIA), which corresponds to the charge vector e. After dividing by Z q , the charge vector e is reexpressed in the lattice appropriate to M -theory on (W × S 1 )/Z q via (4.7). 8 It therefore corresponds to a (p, q) fivebrane system of Type IIB.
This strongly supports the claim that the six-dimensional theory extracted from Mtheory on X p,q coincides with that obtained from a (p, q) fivebrane system in weakly coupled Type IIB.
The θ Angle
An interesting feature of the T -duality argument made in the last section is that, in this approach, the Type IIB theory naturally appeared with a theta angle of θ B = 2πRe τ = −2πp/q. Is this significant? This is a special case of the following question: does the physics of the six-dimensional theories obtained by taking the Type IIB coupling to zero depend on the Type IIB theta angle?
We will argue, though not conclusively, that the answer is "no." On the other hand, we will claim that these theories do have an observable and significant theta angle that equals 2πp/q; it simply is not the Type IIB theta angle!
In the discussion so far, for each r (r ≥ 2), we have obtained infinitely many sixdimensional theories with low energy SU (r) gauge group. Indeed, let (a, b) be any pair of relatively prime integers; upon setting (p, q) = (ar, br) and considering a (p, q) fivebrane system, we get for each pair (a, b) a theory with low energy gauge group SU (r). How would a low energy observer distinguish these theories? We will consider the case r ≥ 3 (though the question is natural for r = 2, and even for r = 1 where there is no low energy gauge symmetry).
The low energy interactions are dominated by the F 2 term in the effective Lagrangian and its supersymmetric generalization; by considering only these interactions, one certainly cannot distinguish different theories with the same low energy gauge group. It will be necessary to look at interactions of higher dimension.
One higher dimension interaction of special significance is the theta angle of the gauge theory. For r > 2, one has π 5 (SU (r)) = Z, so there is a theta angle in SU (r) gauge theory in six-dimensions. It could be measured, in principle, by a low energy observer studying 8 In general dividing by Z q does not commute with quantum dynamics, but since the charge is determined by the asymptotic "twisting" of the T 2 at infinity, which is a topological invariant, the charge vector on (W × S 1 )/Z q is simply that of W × S 1 expressed in the new lattice.
the (p, q) six-dimensional theory. (Its qualitative consequences are most readily understood in a topologically non-trivial situation, either on a general six-manifold or in the presence of instanton strings on R 6 .) The question arises of what value of θ would be observed by a low energy observer probing the six-dimensional theory extracted from the (p, q) system.
To answer this, we first consider the case of r Dirichlet five-branes. This (r, 0) case does not lead to an interacting six-dimensional theory in the limit that the Type IIB coupling vanishes, but of course there is a low-energy SU (r) gauge symmetry for such a system. Moreover, according to the general theory of couplings of RR fields to D-brane world-volume gauge fields, for the (r, 0) system, the space-time theta angle is simply equal to the underlying Type IIB theta angle. In fact, if β is the RR scalar of Type IIB (so that θ B = 2πRe τ is the expectation value of β), then there is a world-volume coupling βTr F ∧ F ∧ F , which upon setting β to its vacuum expectation value reduces to
The coefficient of this interaction is precisely such 9 that the space-time theta angle is θ = 2πRe τ for this case.
We can map the (r, 0) system to a (p, q) = (ar, br) system via an SL(2, Z) transformation by a matrix a e b f for some e, f . (Suitable e and f exist because a and b are relatively prime.) This maps
The spacetime theta angle of the (p, q) system is hence determined by a coupling
To get the decoupled six-dimensional (p, q) theory, we must take Im τ → ∞. Note that
In particular, this limit is independent of Re τ , a fact which shows that at least the spacetime theta angle of the (p, q) theory is independent of the Type IIB theta angle, and hints 9 The RR interactions are written as β chF , where ch is the Chern character [16] . The six-form part of the Chern character integrates in general for a gauge field of finite action (or on a compact six-manifold) to an arbitrary integer. That is why the normalization of the TrF ∧ F ∧ F term precisely leads to θ = 2π Re τ with no additional numerical factor.
that this is so for the entire (p, q) theory. The numerical value of the limit in (5.4) means that in the (p, q) theory, the space-time theta angle comes from an interaction
so that the space-time theta angle is θ = 2π(a/b) = 2π(p/q).
Thus a low energy observer can distinguish the different theories with the same gauge group by measuring θ. Now a conundrum arises. From the point of view of a low energy observer, it seems that θ can be an arbitrary angle. However, via branes, we have only constructed the case of a rational angle. Is there in fact a six-dimensional theory with arbitrary, continuously variable theta angle that reduces for rational theta to the (p, q) theory?
From the low energy point of view, this seems natural. But if it is so, the physics of the (p, q) theory must be a continuous function of the ratio p/q if p and q are varied for a fixed value of the greatest common divisor r. In terms of branes, this seems surprising; why, for instance, to cite an example with r = 10, would the theory with (p, q) = (300010, 700000) be close to the (30, 70) theory, which has nearly the same value of θ?
If it is so that arbitrary θ is possible, and that the theory of fixed r depends continuously on p/q, then we will have to leave an explanation of this for the future.
Other Gauge Groups
We would like to generalize this discussion to consider six-dimensional theories with gauge groups other than SU (n). We begin by analyzing theories with orthogonal and symplectic gauge groups, followed by a brief discussion of exceptional groups.
Orientifolds And Their Cousins
First we recall how orthogonal and symplectic gauge groups are obtained in Type IIB by using Dirichlet fivebranes. The basic idea is to consider such fivebranes at an orientifold sixplane. Thus, we consider Type IIB on R 4 /ρΩ, where ρ is a reflection of all four coordinates, and the action of ρ is combined with exchange of world-sheet left and right-movers, which we call Ω. Away from the origin, R 4 /ρΩ looks just like R 4 /ρ, but the behavior near the origin is different.
Since Ω reverses the sign of θ B , orientifolding of Type IIB can conceivably be carried out either at θ B = 0 or at θ B = π. However, only the constructions at θ B = 0 are well- From Dirichlet fivebranes one cannot make a decoupled six-dimensional theory. To do so, we should consider NS fivebranes. So we make an S-duality transformation τ → −1/τ , which converts the D fivebranes to NS fivebranes, and also maps Ω to (−1) F L --the operation that counts left-moving world-sheet fermions modulo two. The space-time is now
by S-duality from O + and O − , respectively. They have NS fivebrane charges of −2 and +2, respectively. When n NS fivebranes approach the origin in R 4 /ρ · (−1) F L , one gets a gauge group SO(n) or Sp(n/2) for U + or U − . In the limit that the Type IIB string coupling constant λ vanishes, one gets six-dimensional theories with these gauge groups, decoupled from the bulk.
In comparing to M -theory, it will be more convenient to replace
F L (where now ρ acts as −1 on all three coordinates of R 3 and also on an angular coordinate on S 1 ). The reason, as in section 4, is that this facilitates arguments using standard dualities. Since there are two fixed points in the ρ action on R 3 × S 1 , there are several distinct cases; the fixed points may be
To obtain a 10 I count the number of fivebranes as measured on the covering space R 4 ; on R 4 /ρΩ one sees half as many. 11 The numerical value is obtained as follows. In general, an orientifold 10 − k-plane has 9 − kbrane charge ∓32(2 −k ); this is ∓2 for six-planes.
decoupled six-dimensional theory, one takes λ → 0, keeping the radius of the S 1 fixed in string units. As in a footnote in section 4, the scale of variation of the fivebrane positions is of order λ, so for λ → 0, one does not "see" the whole S 1 , but only a vanishingly small neighborhood of the vacuum, which is determined by the fivebrane positions. Hence, in general inequivalent six-dimensional theories can be reached by taking λ → 0 with different fivebrane positions; these six-dimensional theories will be essentially different in the sense that no one of them can be obtained by Higgsing another. The main examples are as follows. By n fivebranes at a generic point, one gets for λ → 0 the U (n) theory studied above, which we will call P n ; from n fivebranes at a U + fixed point, one gets an SO(n)
theory that we will call Q n ; from n = 2m fivebranes at a U − point, we get an Sp(m)
theory that we will call R m . Other examples are simple consequences of these.
Here are some cases whose M -theory counterparts we will find later. n will denote the total number of fivebranes. We recall that the number of fivebranes at a U + fixed point can be even or odd, and is conserved modulo two. In the following examples, there are several maximally singular configurations, so in the weak coupling limit, one can obtain distinct six-dimensional theories that cannot be Higgsed to one another.
(1) In the U + U + case, if n is even and the number of fivebranes at each U + is even, then by placing 2s fivebranes at one fixed point and n − 2s at the other, we make for λ → 0 the product theory Q 2s × Q n−2s with low energy gauge group SO(2s) × SO(n − 2s). No one of these theories can be Higgsed to another. Note that the total NS fivebrane charge of the orientifolds is −4, so the total fivebrane charge is n − 4.
(2) In the U − U + case, by placing 2s fivebranes at U − and n − 2s at U + , we make the theory R s × Q n−2s with gauge group Sp(s) × SO(n − 2s); these theories cannot be Higgsed to one another. The total NS fivebrane charge of the orientifolds is 0, so the total fivebrane charge is n. This example makes sense whether n is even or odd.
(3) In the U + U + case, if n is even and the number of fivebranes at each U + is odd, then by placing 2s + 1 at one fixed point and n − 2s − 1 at the other, we make the theory Q 2s+1 × Q n−2s−1 with gauge group SO(2s + 1) × SO(n − 2s − 1); these theories cannot be Higgsed to one another. The total NS fivebrane charge of the orientifolds is −4, so the total fivebrane charge is n − 4.
Approach Via M -Theory
Now we will approach the same subject via M -theory.
To start with, we recall how to get in seven dimensions a gauge group D k = SO(2k).
For this, one considers M -theory on R 7 × C 2 /Γ, where Γ is generated by group elements α, β, obeying
It follows from the first relation that α 2 commutes with both α and β and hence is a central element of the group, whose square is the identity according to the last relation.
(The quotient of Γ by the group generated by α 2 is a dihedral group.)
The action of Γ on C 2 is α :
We can obtain an SO(2k) gauge theory in six dimensions by considering M -theory on R 6 × C 2 /Γ × S 1 , where S 1 has circumference 2πR. This theory is in fact equivalent to Type IIA on R 6 × C 2 /Γ. The Type IIA string coupling constant vanishes for R → 0, so the theory becomes free in bulk, but the SO(2k) gauge coupling, if expressed in string units, is non-zero in this limit. 12 So the limiting theory is a six-dimensional theory with a low energy gauge group SO(2n).
As in section 3, we will generalize C 2 /Γ × S 1 to (C 2 × S 1 )/Γ, where Γ acts as in (6.2) on C 2 while also acting on S 1 . Because in the present paper, we wish to consider only theories with (1, 1) supersymmetry in six dimensions, we restrict ourselves to the case that Γ acts on S 1 by rotations (inclusion of reflections would break half the supersymmetry).
Since the group of rotations of S 1 is abelian, α and β commute as rotations, and hence the relation αβ = β −1 α reduces to β 2 = 1.
There hence are two types of examples:
(A) β can act trivially on S 1 , in which case α 2 = 1, so α is a rotation by either zero or π.
(B) β may act by rotation by π, in which case the relation α 2 = β k−2 means that α is a rotation by 0 or π if k is even, or by ±π/2 if k is odd. Whether k is even or odd, the two choices of α are equivalent, because α can be conjugated to αβ by a transformation of the form
Either type of example can be given a Type IIB description by reasoning along the lines of section 4. One first replaces C 2 by the Kaluza-Klein monopole space W . W has SU (2) symmetry (which acts by rotation of x), and the embedding of Γ in SU (2) enables us to view Γ as a symmetry group of W . As such, Γ acts freely except for a fixed point at x = 0, near which the action of Γ on W looks like its action on C 2 . Thus, to study possible six-dimensional theories supported near the fixed point, one may replace C 2 by W .
Having done so, we proceed as in section 4. To construct (W × S 1 )/Γ, we first divide W × S 1 by the group Γ ′ generated by β. This group is isomorphic to Z 2k−4 . As What about the effect of dividing by α? A key point is that α anticommutes with the U (1) symmetry, which we have called F , that generates the fibers of W → N . Hence on the two-torus fibers T 2 = S 1 × S 1 of W × S 1 (as in section 4, the first factor in T 2 is the orbit of F and the second factor in T 2 is the second factor in W × S 1 ), α reverses the orientation of the first factor and preserves the orientation of the second factor. α thus acts as a 2 × 2 matrix
generating an outer automorphism of the SL(2, Z) symmetry group of Type IIB string theory. In perturbative Type IIB string theory, this particular symmetry is seen as (−1) F L , the transformation that counts left-moving world-sheet fermions modulo two. 13 Note that 13 The fact that the first eigenvalue of α is −1 and the second is +1 means that α reverses the sign of Dirichlet fivebrane charge and commutes with NS fivebrane charge, and so can be identified
this transformation changes the sign of θ B (while leaving fixed the string coupling constant), so it is a symmetry only in the two cases θ B = 0 and θ B = π, the two values that we are actually encountering.
What about the action of α on the spacetime N × S 1 of the Type IIB description? α reverses the orientation of the T 2 in the M -theory description, so (as M -theory membrane wrapping on T 2 becomes momentum on S 1 in Type IIB) it reverses the orientation of the S 1 . Since Type IIB does not admit orientation-reversing symmetries, α must also reverse the orientation of N . Since α must also commute with rotations of x, it must act by x → − x. (Of course, these assertions can also be verified directly, using the form of the Kaluza-Klein monopole solution).
Combining these results, α acts on the (A) models as a reversal of all four coordi-
F L that we encountered in our Type IIB discussion above.
Gauge Groups Of (A) Models
Let us now determine, from an M -theory point of view, the low energy gauge groups of the (A) models. These are constructed from M -theory on R 6 × (W × S 1 )/Γ (or simply Let as before Γ ′ be the subgroup of Γ generated by β. Since α acts freely on W × S 1 , singularities are generated only by the action of Γ ′ . The origin in W is an isolated fixed point for the action of Γ ′ . As Γ ′ is isomorphic to Z 2k−4 , W/Γ ′ has an A 2k−5 singularity at the origin. Since Γ ′ acts trivially on
singularities. Locally along S 1 , there is therefore an SU (2k−4) gauge group. The fivebrane charge, produced by dividing W by β and then reinterpreting in Type IIB language, is 2k − 4 as in the previous example.
However, once we divide also by α, which rotates S 1 and also acts by an automorphism of W/Γ ′ , we get a non-trivial family of A 2k−1 singularities fibered over S 1 . The question arises of whether the monodromy of this family acts by an outer automorphism of SU (2k −4). In fact, precisely this sort of monodromy of a family of SU (2n) singularities is encountered in F -theory, where it is important that this monodromy is indeed a nontrivial outer automorphism of SU (2k − 4) [12, 13] . In fact, modulo inner automorphisms (which correspond to turning on Wilson lines), it is the unique outer automorphism of SU (2k − 4); it acts by charge conjugation, and will be called Ψ.
When an SU (2k − 4) group element g is transported around the S 1 , it returns to Ψ(g) = g if there is no Wilson line on the S 1 . If on the other hand there is a Wilson line corresponding to an element a ∈ SU (2k − 4), 14 then the monodromy is g → aga −1 . The unbroken gauge group consists of group elements such that
This unbroken gauge group depends on a. For a = 1, the unbroken gauge group is SO(2k − 4). Suppose on the other hand that a is block diagonal, with s blocks that are copies of
as well as a 2k − 4 − 2s-dimensional identity matrix. Then the unbroken gauge group is Sp(s) × SO(2k − 4 − 2s). These gauge groups, and the total fivebrane charge of 2k − 4, agree with example (2) of section 6.1 if we set n = 2k − 4.
The most interesting case is to set s = k − 2. We learn that from M -theory on (C 2 × S 1 )/Γ, in the limit that the radius of the S 1 goes to zero, we can extract a sixdimensional theory with gauge group Sp(k−2), and that this is the same theory constructed in Type IIB from 2k − 4 NS fivebranes at a singularity
Mathematical Formulation
Before going on, it will be useful to put the above discussion in a standard mathematical framework, as we will encounter several additional examples with the same basic structure. By mapping β to the trivial rotation of S 1 and α to a rotation by π, we have defined a homomorphism from Γ to a subgroup Z 2 of the group of rotations of S 1 . The kernel of this homomorphism is Γ ′ , the group generated by β. Thus there is an exact
In the Γ action on C 2 × S 1 , the subgroup Γ ′ acts only on C 2 , with a fixed point at the origin, and so generates a circle of fixed points in (C 2 × S 1 )/Γ. The quotient Z 2 acts freely on C 2 × S 1 (since it acts freely on S 1 ). So the local structure is a singularity of type Γ ′ .
Globally, one has a circle of Γ ′ singularities, with a monodromy generated by the quotient
In generalizations, Γ will be replaced by a possibly different finite subgroup of SU (2), Γ ′ will be a subgroup of Γ, Z 2 will be replaced by a group Z n of rotations of S 1 , for some n, and (6.6) will be replaced by an exact sequence
We will consider M -theory on (C 2 × S 1 )/Z n , where Γ ′ acts only on C 2 , but Γ acts also on S 1 via the homomorphism to Z n . The singularity in (C 2 × S 1 )/Z n is a circle of Γ 
The (B) Models
As explained above, there is up to conjugation only one (B) model for each k, but the details depend somewhat on whether k is even or odd. First we assume k = 2p even. This is Reid's example (5) .
In this case, we can suppose that α acts trivially on S 1 , while β rotates S 1 by π. The subgroup Γ ′ is hence generated by α and γ = β 2 , with relations
is determined by an exact sequence
The global structure is thus a circle of C 2 /Γ ′ singularities, with Z 2 monodromy. In a Type IIB description, the fivebrane charge, being produced by dividing by γ (which generates a cyclic group of order 2p − 2) is 2p − 2 = k − 2.
The Z 2 monodromy is modulo inner automorphisms the unique outer automorphism of SO(k+2). One can take it to be generated by a reflection on one of the k+2 coordinates.
With a suitable choice of Wilson line, this breaks SO(k + 2) to SO(2r + 1) × SO(k + 1 − 2r) (and various subgroups to which one of these can be Higgsed). These gauge groups, and the fivebrane charge, agree with example (3) at the end of section 6.1 if we set n = k + 2.
We learn from this that a six-dimensional theory with gauge group SO(2r + 1) can be obtained from a small radius limit of M -theory on (W Finally, we consider the model of type (B) with k odd, say k = 2p+1. This correspond to Reid's example (2) . 15 In this case, α is a π/2 rotation. The group Γ ′ that acts trivially on S 1 is generated by γ = β 2 , with γ 2p−1 = 1. The exact sequence is 10) where one can regard Z 4 as the group generated by α.
Since Γ ′ is isomorphic to Z 2p−1 , the fivebrane charge in a Type IIB description is 2p − 1. In M -theory on (C 2 × S 1 )/Γ, the global structure is a circle of A 2p−2 singularities with monodromies generated by Z 4 . Actually, A 2p−2 is SU (2p − 1), and the monodromy is such that the generator α of Z 4 acts by complex conjugation, while α 2 induces a trivial monodromy. (Z 4 could not act faithfully, because the group of outer automorphisms of
As in (6.4), the unbroken gauge group depends on a Wilson line a. If a is the sum of s copies of the 2 × 2 matrix in (6.5) plus an identity matrix, then the unbroken gauge group is Sp(s) × SO(2p − 1 − 2s). These possibilities agree with example (2) in section 6.1, with n now being the odd number n = 2p − 1. We conclude that M -theory on (C 2 × S 1 )/Γ, with this Γ action, can give, in a small radius limit with suitable Wilson lines, a variety of SO, Sp, and SU theories.
We thus obtain, in particular, a second construction of Sp(n) theories in six dimensions. Since π 5 (Sp(n)) = Z 2 , such theories can have a Z 2 -valued spacetime theta angle, leading one to wonder if the two Sp(n) constructions give theories with different values of θ, as we argued in section 5 for SU (n) theories. Here is a heuristic argument that the Sp(n) theory made from the (B) model has θ = π while the other one has θ = 0. The (B) model has θ B = π and fivebrane charges (p, q) = (k − 2, 2k − 4), as we saw above. To determine the spacetime theta angle, we proceed as in section 5. We make an SL(2, Z)
which maps the charge vector (k − 2, 2k − 4) to (k − 2, 0), giving us therefore a collection of k − 2 Dirichlet fivebranes. Reasoning as in section 5, the spacetime theta angle is hence θ = 2π lim τ →i∞ Re τ = π. On the other hand, Sp(n) models derived from models of type 
Exceptional Groups
It remains to briefly discuss the cases that involve exceptional gauge groups.
There are two more cases of exact sequences along the lines of (6.7). (They are Reid's examples (4) and (6).) One reads
The other reads
We have here labeled the finite subgroups of SU (2) by the associated Lie groups.
These exact sequences determine actions of Γ(E 6 ) and Γ(E 7 ) on we get a six-dimensional theory with G 2 gauge group.
On the other hand, (C 2 × S 1 )/Γ(E 7 ) has a circle of E 6 singularities with a Z 2 monodromy that breaks E 6 down to F 4 (or a subgroup that can be obtained by Higgsing). So in the small radius limit, we get a six-dimensional theory with F 4 gauge group.
To summarize what we have learned in this section, from M -theory on (C 2 × S 1 )/Γ, one can obtain in a small radius limit, with a suitable action of Γ and suitable Wilson lines, six-dimensional theories with any desired simple gauge group at low energies.
Realization By Matrix Theory
In this section, we return to the (p, q) fivebrane theory and describe a matrix model realization.
First we recall from [20] (following [21, 22] ) the description of matrix theory on
In matrix theory, one works in light cone gauge, and so in this section we will write only the transverse part of the spacetime, which in the present example is R 5 × C 2 /Z q . To describe matrix theory with this transverse spacetime, one needs a Z q -invariant collection of zerobranes on R 5 × C 2 . An important special case is that in which Z q acts by cyclic permutations on q-plets of zerobranes. (Other cases correspond to a matrix description of states carrying nonzero charges under the maximal torus of the SU (q) gauge symmetry of M -theory on R 7 × C 2 /Z q .) In this case, the total number of zerobranes is N q for some N ≥ 0; one ultimately wishes to take N → ∞.
The matrix description of this system is based on a quantum mechanical model with eight supercharges (which could come, for example, by dimensional reduction from N = 2 in four dimensions), gauge group U (N ) q , and hypermultiplets which if the U (N ) factors in the gauge group are correctly ordered transform as (N, N, 1 , . . . , 1) ⊕ (1, N, N, 1 To consider instead M -theory on to infinity, the Higgs and Coulomb branches flow to separate conformal field theories, for reasons explained in [2] . Evidently, in this limit, if matrix theory is correct, the Higgs branch describes the free Type IIA theory on transverse R 4 × C 2 /Z q , and the Coulomb branch describes the decoupled six-dimensional SU (q) "gauge" theory with transverse R 4 .
The last statement, which has also been obtained in [6] , is, roughly, "mirror" to a corresponding statement for a matrix theory realization of a six-dimensional theory related to Type IIA parallel fivebranes. In that case [24, 25] , the conventional physics comes from a Coulomb branch and the decoupled six-dimensional physics comes from a Higgs branch.
(p, q) Case
To analyze the problem, it will be helpful to view X p,q = (
where Γ is the discrete group generated by
Note that α and β obey the one relation
To study M -theory on transverse R 4 × X p,q using this description of X p,q , we must study Γ-invariant configurations of zerobranes on
Consider, in general, the action of a discrete group Γ on a manifold P and the problem of describing Γ-invariant zerobrane configurations on P . Γ-invariance means that the zerobrane configuration is a sum of Γ orbits. If Γ acts freely on P , each Γ orbit is a copy of Γ itself. In this case, the zerobrane positions are labeled by an element γ ∈ Γ 16 and by possible additional labels. If Γ does not act freely on P , there are also smaller orbits, supported at fixed points of elements of Γ.
In our problem, Γ acts freely if and only p and q are relatively prime. Otherwise, there are fixed points of a Z r subgroup of Γ (r being as before the greatest common divisor of p and q) at the origin in C 2 . Inclusion of the non-free Γ orbits will give, as in [20] , a matrix description of states carrying non-zero charges under the maximal torus of the unbroken SU (r) gauge group. For simplicity, we will here consider only the free Γ orbits.
Just as in the case of M -theory on a circle, it is helpful to make T -duality with respect to the group Γ. This is done by introducing the unitary representations of the group Γ, a procedure that is particularly useful when Γ is abelian, as in the present case. A unitary representation is determined by setting β = e iθ for some real theta, and setting α to be a complex number (which we also call α) that obeys
Here θ is a coordinate on a dual circle S 1 on which the matrix string theory will be formulated. Since (7.4) has q solutions for each value of θ, this family of Γ representations is a q-fold cover C of S 1 . C looks locally like q copies of S 1 , but under θ → θ + 2π, the branches undergo a cyclic permutation by p steps. We will find (as one would expect from [20] ) that the branches correspond to the factors of U (N ) in the gauge group U (N ) q ;
the behavior under θ → θ + 2π will lead to an outer automorphism of the gauge group, cyclically permuting the factors, in going around S 1 .
Let us consider the case that the zerobranes consist of N free Γ orbits. A component of zerobrane position can thus be labeled by x iγ , with γ ∈ Γ and i = 1, . . . , N . For clarity in the following, we will suppress the i index, except in stating final results. Inclusion of the i index has the effect of making everything N × N matrix-valued.
Let x be a component of zerobrane position on which Γ acts by αx = ζx and βx = x.
Thus, in terms of the transverse space R 4 × (C 2 × R), x could be a coordinate on R 4 , in which case ζ = 1, or x could be a coordinate z 1 or z 2 of C 2 , in which case ζ = e ±2πi/q .
With the i index suppressed, x is a matrix x γ,γ ′ in a basis given by elements of Γ. If we write γ = α a β s where we can take a = 0, 1, . . . , q − 1, then x is a matrix x a,s;b,t . To increase the legibility of the formulas, we will write this as x(a, s; b, t). The transformation law of x under Γ means that
x(a + 1, s; b + 1, t) = ζx(a, s; b, t)
x(a, s + 1; b, t + 1) = x(a, s; b, t). The sum over b and t for fixed b − b ′ , t − t ′ now gives delta functions setting
The first equation says that x acts locally in θ. Reintroducing the so far suppressed index i = 1, . . . , N , x acts at given θ on a space of dimension N q; a basis of this space is labeled by i and by the choice of α with α q = e −ipθ . However, the second equation in (7.8) says that for ζ = 1, x acts diagonally on the α index. Thus, the x's that have ζ = 1 split up at fixed θ as the sum of q different N × N blocks, one for each value of α. These x's transform in the adjoint representation of U (N ) q , and are in fact the scalar fields in the vector multiplet.
On the other hand, if ζ = e ±2πi/q , then the second equation in (7.8) says that multiplication by x makes a cyclic permutation on the set of possible values of α by ±1 step. As a result, these components of x, which are the coordinates z 1 , z 2 of This will be interpreted as the gauge field on S 1 .
The 2πRu term on the right hand side gives after the sum over u a term −iδ
which is the matrix element of −id/dθ. Adding this to the term analyzed in the last paragraph would give a covariant derivative −iD/Dθ = −d/dθ + A. At first sight, the 2πRb(−p/q) term on the right of (7.9) is obscure. However, we must remember that because of the relation α q = e −ipθ , we cannot vary θ keeping α fixed. If we change variables from θ and α to θ and α = αe i(p/q)θ (which can remain fixed as θ varies) then in the e iu(θ−θ ′ ) factor in (7.9), u is replaced by u − (p/q)b. So the inhomogeneous term on the right hand side of (7.9) is the Fourier transform of −id/dθ| α , the θ derivative at fixed α. The net effect is that t is interpreted as a covariant derivative at fixed α,
Varying θ at fixed α means that under θ → θ + 2π, α is transformed to αe −2πi(p/q) , as we have claimed. This transformation of α in going around S 1 is the one essentially new point in our analysis, compared to the familiar case of p = 0. Since the U (N ) factors in the gauge group are associated with the possible values of α, this shift means that in going around S 1 , the gauge group U (N ) q is transformed by an outer automorphism that moves each factor p steps to the left.
